The present paper is devoted to the investigation of sufficient conditions for the existence of periodic solutions in the vicinity of stationary motion of a charged satellite in elliptic orbit. Lorentz forces which result from the motion of a charged satellite relative to the magnetic field of the Earth are considered. An axial symmetry is assumed about the center of mass of the satellite. In addition to the Lorentz force the perturbation caused by gravitational and magnetic fields of the Earth are considered. The stationary solutions and periodic orbits close to them are obtained using the Lyapunov theorem of holomorphic integral. Numerical results are used to explain the periodic motion of a certain satellite. It is shown that the charge-to-mass ratio has a significant influence on the periodic motion of satellites.
Introduction
When a spacecraft is moving in geomagnetic field in Low Earth Orbit ( LEO ) then due to the accumulation of charging on the surface of the spacecraft the Lorentz force is generated. A detailed analysis of Lorentz Augmented Orbit (LAO) is available in [1] .The rotational motion of a rigid artificial satellite subject to gravitational and magnetic torque was treated in detail in [2] [3] [4] [5] [6] . Chen and Liu [7] uses the Poincare map technique to investigate the behavior of periodic and chaotic motion of the spinning gyrostat satellite. The attitude dynamics of a satellite is described by the sixth order Euler-Poisson equations. To understand the periodic behavior of a rigid body Kolosoff's [8] transformed its equations of motion to a planar system of equations as was done by Lyapunov in [9] . Abdel-Aziz [10] found the periodic solution of a spacecraft using an approximated model of the Earth magnetic field model. Abdel-Aziz and Shoaib [15] studied the effects of Lorentz force on the attitude dynamics of an electyrostatic spacecraft moving in a circular orbit and used charge to mass ratio as semi-passive control. In this paper we use a similar model of Lorentz force but the spacecraft is considered to be in an elliptic orbit. In [16] Abdel-Aziz and Shoaib devolped the torque due to Lorentz force as a function of orbital elements and investigated the effects of lorentz force on the existance and stability of equilibrium positions in Pitch-Roll-Yaw directions.
In the present work we consider a satellite moving in an elliptic orbit under the influence geomagnetic field, Lorentz force and gravitational field. Using the isothermal coordinates we reduce the equations of motion of the satellite to the planar system of equations. The existence of periodic orbits in the neighborhood of stationary solutions is obtained with the help of the Lyapunov method. The numerical results are used to show the significance of Lorentz force on the position and stability of periodic orbits.
Equations of motion and their reduction of order
Consider an axially symmetric charged satellite under the action of Lorentz force, gravitational and geomagnetic fields. Two Cartesian coordinate systems are introduced. The origin of the coordinate system is taken to be at the center of mass O of the satellite. The orbital system of coordinate is named as The Lagrangian of the system can be written as in Yehia [11] 
where
is the total potential of the forces acting on the spacecraft. Let ⃗ ⃗⃗ = ( , , ) and ⃗ ⃗⃗ 0 = ( 0 , 0 , 0 ) are the angular velocities of the satellite in the inertial and orbital reference frames respectively. As the orbital system rotate in space with an orbital angular velocity  about the axis, which is perpendicular to the orbital plane. The relation between the angular velocities in the two systems is given by ⃗ ⃗⃗ = ⃗ ⃗⃗ 0 + Ω ⃗ . According to Abdel-Aziz [10] , we can write.
( , , ) = (̇sin sin +ċos + Ω 1 ,̇sin cos −ṡin + Ω 2 ,̇cos +̇+ Ω 3 )
The gravitation potential of the Earth is [2]
Potential due to Lorentz force
The magnetic field is expressed as [12] 
where 0 B is the strength of the magnetic field in Wpm. The acceleration in inertial coordinates is given by
The Lorentz force (per unit mass) can be written as
where, ⃗⃗ is the inertial velocity of the spacecraft, ⃗ ⃗⃗ is the angular velocity vector of the Earth and ⃗⃗ is velcoity of the spacecraft relative to the geomagnetic field.
In agreement with [12] , we have used
.
Therefore, the acceleration due to Lorentz force in inertial coordinates is given by
As stated in [16] , the Lorentz acceleration experienced by the geomagnetic field is decomposed to the three components   R, , TN (radial, trnsversal and normal) respectively as functions of orbital elements as follows: 
where, i , ,  a f , and e are the inclination of the orbit on the equator, argument of the perigee, true anomaly , the semi-major axis and the eccentricity of the satellite orbit respectively. The final form of the potential due to Lorentz force can be written as below.
where, ⃗ 0 = ( 0 , 0 , 0 )is the radius vector of the spacecraft relative to the center of mass of the spacecraft, (18) As in Wertz [13] we can write geomagnetic field and the total magnetic moment of the orbital system directed to the tangent of the orbital plane, normal to the orbit, and in the direction of the radius respectively as the following: 
It is clear that in addition to the first term of gravitational effects, the main parameters of the potential of the satellite motion is the charge-to-mass ratio and 0 z .The Lagrangian can be written as below.
It is clear that  is a cyclic variable, therefore we can use
.Using equation (24) and the cyclic integral, we can construct the Routhian as follows
Reduction of the equations of motion
Using Lyapunov method of the holomorphic integral [9] , the system of equation of motion are reduced to another simpler form. Let
), 1
In the new coordinates [14] , the Routhian function can now be written as below. 
The equation derived from the Routhian can be written as below. 
The above equations are transformed to the following planar system of equations. 
The region of possible motions can be determined by the inequality ( , , ℎ, * ) ≥ 0.
The periodic solutions and numerical results
The potential function in isothermal coordinates [9, 14] can be written as below. 
With the aid of Lyapunov theorem [9] we find periodic solutions in the following way. To simplify the system, transform the variable .
In the same way as in [14] we approximate 
The time t and the coordinates satisfy the following relationship.
Therefore equations (41) reduces to:
The zero subscript in the above equations corresponds to the value , = , = The periodic solution in equations (59) could be transformed again as a solution in  and  . To aid the understanding of the existence of periodic orbits some numerical examples are given in figures (1-3) for various charge to mass ratios. In figure (1a) , the charge to mass ratio is taken to be 0.001. It can be seen here that two types of orbits exist in this special case. One type is the usual elliptical orbits and the other is a figure 8 type of orbit. For different values of charge-to-mass ratio figures (1) (2) (3) show the oscillation of the energy integral h, and the maximum and saddle points of the energy integral as in equation (69). 
Conclusions
This paper presented the sufficient conditions for the existence of periodic solutions close the stationary motion of an axially symmetric charged satellite in an elliptic orbit. We investigated the rotational motion of the satellite under the action of the Lorentz forces, gravitational and magnetic fields of the Earth. The Routhian function of the satellite motion is constructed. The equations of motion of the satellite are reduced to the planar equations of motion. The existence of periodic solutions are obtained using Lyapunov method of the holomorphic integral. Numerical results have shown the effects of Lorentz force, in particularly the charge to mass ratio on the position of periodic solutions and the maximum and saddle points of the energy integral. In addition to the elliptical orbits some very exotic figure 8 orbits have also been identified in the vicinity of stationary motion.
